A physically enhanced model is proposed for roll waves based on the shallow water equations and 2 ε − k turbulence closure along with a modification component. It is tested against measured data on 3 periodic permanent roll waves, and the impact of turbulence is demonstrated to be essential. It is 4 revealed that a regular inlet perturbation may lead to periodic permanent or natural roll waves, when 5 its period is shorter or longer than a critical value inherent to a specified normal flow. While a larger 6 amplitude or shorter period of a regular inlet perturbation is conducive to the formation of periodic 7 permanent roll waves, their period remains the same as that of the perturbation, while their amplitude 8 increases with the perturbation period and is independent of the perturbation amplitude. An irregular 9 inlet perturbation favours the formation of natural roll waves, so does a larger amplitude of the 10 perturbation. 11
6
based on the assumption of hydrostatic pressure, because the impact of this assumption is small 1 relative to the other physical influences in rapidly varied flow such as hydraulic jumps ( evaluated when the velocity distribution is specified. Although the flow structure of the weak 24 hydraulic jump was studied experimentally (Misra et al. 2008) , the velocity distribution in roll wave 25 remains poorly understood. Based on a power law distribution and log law distribution for the respectively. According to Brock (1967) , the value of β is about 0.02 for a smooth channel and 0.05 viscosity; ε is the depth-averaged turbulent dissipation rate; and µ C is an empirical coefficient.
13
Here the standard depth-averaged ε − k turbulence model due to Rastogi and Rodi (1978) where k P is the production of turbulence due to the horizontal velocity gradients, defined as 17 ( ) . The values of the relevant coefficients are listed in Brock (1967) . Ni (2010) proposed the following Reynolds 10 stress-like relationship, 11
where α is an empirical coefficient to be calibrated using observed data. It is referred to as 13 dispersion by Ni (2010) , which however is not justified. The dispersion momentum transport D is 14 always non-negative according to the definition Eqs. (4a, b), yet it could be either positive or negative 15 if modelled by Eq. (9) . In this connection, the approximation [i.e., Eq. (2.4)] to the integration of 16 momentum flux by Kranenburg (1992) is open to question. It follows that Eq. (9) should rather be 17 regarded as an empirical modification to the turbulent Reynolds stress in Eq. (6) . Accordingly, 18
The modification in turbulent stress is evaluated below for specific cases of roll waves. 
Numerical scheme 24
Equations (1), (2) , (7) and (8) constitute a fourth-order system, and can be written in a conservative 25 9 form as follows 1 
8
An operator-splitting algorithm is introduced to solve Eq. (11). In the first sub-step, the 9 hyperbolic operator is dealt with, 10
where t Δ is the time step; x Δ is the spatial step; i is the spatial node index; j is the time step 
Δ Δ
In Eq. (14), the second-order terms in 
Further, the first-order terms in Theoretically, it would be natural to place both terms in the left-hand-side (LHS) of Eq. (2) for 17 solution. However, this will make the well-established HLLC Riemann solver (Toro 2001 ) not directly 18 applicable for the hyperbolic part of the equations. The present work aims to keep the LHS of the 19 equations the same as that of the traditional SWEs, while all the "extra" terms involved in the 20
Reynolds stress and dispersion are put on the RHS for easier modelling. This idea is in principle quite 21 similar to that implemented in the recent work on a double-layer averaged model (Li et al. 2013) . 22
The numerical scheme for the homogeneous hyperbolic system is explicit and stability is 23 The experimental observations on periodic permanent roll wave are employed to test the models in 5 this section. Two flumes were used by Brock (1967) to produce periodic permanent roll waves. One 6 was 36.6 m long with slopes of 0.0502 and 0.0846, and the other was 24.4 m long with a slope of 0.12. 7
The widths of both flumes were 11.75 cm. In this section, numerical simulations are conducted using 8 the same conditions as in Brock's (1967) experiments (summarized in Table 2 ). The initial water depth 9 is 0.0 m. The amplitude of the perturbations imposed at the inlet of the channel is equal to 0.5% of the 10 normal flow depth following Zanuttigh and Lamberti (2002) . A steady water discharge Q is fed at 11 the inlet and the water depth is set as 12
where T is the perturbation period imposed at the inlet of the channel; n h is the normal depth; and 14
The Froude number n F at the inlet of the channel refers to 15 the normal conditions. In Table 2 , p l indicates the distance required for the perturbations to fully in the present work, the spatial step is set to be 0.001 m to achieve grid independence, and the Courant 21 number is 0.5. 22
To quantify the difference between numerical solutions and measured data, the dimensionless 23 discrepancy is defined with the
where ĥ is dimensionless measured water depth scaled with n h . 
2

Performances of the SWE, SWE-T and SWE-TD models 5
The SWE, SWE-T and SWE-TD models are assessed by comparison with measured data for Case 5 6
( Table 2 ). The dispersion term in the SWE-TD model is simulated based on the momentum flux 7 correction β in Eq. (5). Figure 1 shows the dimensionless water depth in a single permanent roll The empirical coefficient α in Eq. (9) should be calibrated under different conditions. As the Froude 10 number is in general the critical factor in roll wave formation (Jeffreys 1925 , Stoker 1958 , it is 11 appropriate to relate the coefficient α to the Froude number n F (Table 2) imposed at the inlet of the 12 channel from normal conditions. The value of critical Froude number is 2.0 for a rectangular channel 13
with an unvarying friction coefficient (Brock 1967 ) and α is set to be 0.0 if ≤ water depth increases gradually from the trough to the crest, and then drops sharply to the minimum. 5
The solutions of SWE-TM model agree well with measured data, not only in the water depth but also 6 in the location of wave crest. The improvement is obviously substantial compared to those models 7 shown in Fig. 1 . It is interesting to find out how the coefficients in ε − k turbulence model affect the results of the 4 SWE-TM model using the calibrated α . Indeed, the dissipation rate ε is dictated by small-scale 5 eddies and to date remains one of the fundamental quantities that could not be modelled accurately in 6 the context of turbulence modelling. Thus uncertainty is inevitable in modelling the ε equation (Shi 7 1994 ). Moreover, Rastogi and Rodi (1978) pointed out that the ε − k model in the depth-averaged 8 version is simplified and empirical, and sensitive to the coefficients. From our numerical tests, the 9 results are more sensitive to the coefficient Γ C than the others (not shown). Therefore, Γ C is tuned 10 to demonstrate its impact on roll waves within the SWE-TM model. 11
Specifically, the value of Γ C is tuned for Case 1 ( Table 4 ). The corresponding values of the Table 4 , which show that an increased value of Γ C (=4.5) results in improved (Table 1) . Therefore Case 1 is a special case, which requires a tuned 17 value of Γ C for agreement with observed data within the SWE-TM model. 
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Model verification 5
To verify the SWE-TM model, other cases in Brock's (1967) experiments are studied with the 6 calibrated relationship Eq. (20) for α and the standard depth-averaged ε − k model ( Table 1 ). The 7 SWE-TM model is also compared with the SWE, SWE-T and RGE model for Case 2, Case 4 and Case 8 6. 9 Figure 4 illustrates the water depth in a single permanent roll wave computed from the SWE, 10 SWE-T, SWE-TM and RGE models along with the measured data. There are considerable 11 discrepancies between the measurements and computed results from SWE and SWE-T models in 12 water depth and location of the wave crest. Most notably, the SWE-TM model performs the best. 13
Echoing Fig. 4 , the values of the 1 L -norm in Table 5 show improved performance of the present 14 SWE-TM model over the RGE model of Richard and Gavrilyuk (2012) except for Case 2, which is in 15 essence attributable to a single observed water depth (to the immediate right-hand-side of the observed 16 crest) that apparently deviates from the overall trend characterized by the other observed water depths. 
Significance of turbulent Reynolds stress 7
It has been shown that inclusion of turbulent Reynolds stress in the SWE-TM model does lead to 8 improved performance in modelling roll waves (Fig. 4) . Physically, this is not surprising at all because 9 the turbulent Reynolds stress term Table 1) . Here Case 2, Case 4 and Case 6 are considered.
8 Figure 6 shows the impacts of α on computed water depth from SWE-TM model. Qualitatively,
9
α affects the roll wave profile in two ways, i.e., the value and location of the crest. In general, a
10
larger α leads to a reduced peak water depth and moves the crest upstream, and vice versa. However,
11
the changes are essentially negligible. Table 6 shows the values of the which is once again attributable to a single observed water depth apparently deviating from the overall 7 trend characterized by other observed water depths. 
Formation process of periodic permanent roll waves 1
Periodic permanent roll waves often generate from regular perturbations advancing a sufficiently long 2 distance with a constant slope. Practically, however, the distance with a constant slope may not be 3 long enough for perturbations to fully develop into periodic permanent roll waves, and as a result the 4 perturbations evolve to premature roll waves. It is therefore interesting to understand the formation 5 processes of period permanent roll waves. 6
The present SWE-TM model can be used to solve not only the fully developed, stationary roll 7 waves (as shown above), but also the formation processes of roll waves. The present computational 8 tests not only echo, but also extend the observations of Brock (1967) . In contrast, the RGE model 9 (Richard and Gavrilyuk 2012) cannot resolve the formation processes of roll waves, because it hinges 10 upon a relationship at a critical point, which is prescribed using observed data. 11
Case 5 is considered as an example. Figure 8 illustrates the formation processes of periodic 12 permanent roll waves computed from the SWE and SWE-TM models. Indeed, small regular 13 perturbations at the inlet of the channel increase downstream and finally develop to periodic 14 permanent roll waves, as described by Brock (1967) . Also, as shown in Fig. 9 , the wave profile 15
remains the same at a given station and the wave properties do not change with stations after 16 developing into a periodic permanent form ( x =18 m, 26 m), which agrees well with Brock (1967) .
17
Equally importantly, the present computational tests indicate that the wave period is essentially the 18 same as that of the perturbation imposed at the inlet during the formation and evolution of periodic 19 permanent roll waves, which has not been specified by Brock (1967) . Additionally, the wave 20 amplitude of the SWE-TM model is smaller than that from the SWE model (Fig. 8) , as a result of the 21 turbulent Reynolds stress. The propagation speed and stationary wavelength are indistinguishable 22 between these two models. Fig. 10(a, b) for n am h / h =5.0% and 0.5%. 9
However, the amplitude and period of the periodic permanent roll waves are independent of the 10 perturbation amplitude at the inlet, which has not been revealed by Brock (1967) . As shown in Fig.  11 11(a, b), the amplitude and period are always equal to 10.6 mm and 0.695 s respectively, irrespective 12 of the inlet perturbation amplitude. 13
Further, the shorter the inlet perturbation period, the shorter the distance required for the 14 formation of periodic permanent roll waves. This is shown in Table 2 , and also illustrated in Fig. 10(b,  15 c) for Cases 5 and 6. However, the period of periodic permanent roll waves is always equal to the inlet 16 perturbation period imposed (0.695 s and 1.015 s respectively), as shown in Fig. 11(b, c) . Further, the 17 present computational tests show that the amplitude of periodic permanent roll waves increases with 18 the increase of the inlet perturbation period, which has not been revealed by Brock (1967) . When the 19 inlet perturbation period is set to be 0.695 s (Case 5), 0.775 s, 0.855 s, 0.935 s and 1.015 s (Case 6) for 20 the case with slope θ tan =0.1201, the amplitudes of the periodic permanent roll waves is respectively 21 equal to 10.6 mm, 11.3 mm, 11.9 mm, 12.5 mm and 13.0 mm. This is shown in Fig. 11 
Threshold period for natural roll waves 16
For periodic permanent roll waves, the inlet paddle was oscillated at the desired period T (Brock 17 1967) . In contrast, the perturbation conditions at the inlet were not described for natural roll waves in 18 Brock (1967) . The present computational tests reveal for the first time that a regular inlet perturbation 19 may lead to either periodic permanent or natural roll waves, when its period is shorter or longer than a 20 critical value c T inherent to a specified normal flow. Apart from this, when the perturbation period is 21 slightly shorter than c T , instabilities and irregular waves may be spotted during the initial stage but 22 periodic permanent roll waves ultimately generate after advancing a long distance. Physically, it is 23 suggested herein that the shallow flow over a steep slope bear inherent waves with a frequency 24 spectrum that is determined by the prescribed normal flow depth and velocity along with the bed slope 25 and its roughness. Migrating downstream, the perturbations of sufficiently short periods imposed at 26 the inlet of the channel are well accommodated by the inherent waves, and resonance occurs so that 27 26 the perturbations are enhanced, gradually grow and finally develop into periodic permanent roll waves. 1
In contrast, the perturbations of long periods imposed at the inlet cannot be accommodated by the 2 inherent waves of a specific frequency spectrum. In general, the perturbations are out of phase with the 3 inherent waves. The interactions in between lead to irregular waves of disparate crests and troughs, 4 and ultimately natural roll waves form. According to this mechanism, natural roll waves will form if 5 an irregular, random perturbation is imposed at the inlet, i.e., Eq. (21), as demonstrated below. 6
The critical inlet perturbation period c T from the present computational tests are summarized in 7   Table 8 . In fact, the basic conditions in Table 8 are the same as in Table 2 , except the period and 8 amplitude of the regular perturbations imposed at the inlet of the channel. Indeed, the critical period 9 c T is case specific, depending on the prescribed normal flow depth, velocity along with the bed slope 
Statistical properties of natural roll waves 1
Natural roll waves were generated in flume experiments and their average properties were measured at 2 several cross sections along the channel (Brock 1967) . Here the SWE-TM model is deployed to 3 resolve natural roll waves. As the inlet perturbation characteristics were not described for natural roll 4 waves by Brock (1967) , regular and irregular perturbations are respectively imposed at the inlet. A 5 steady water discharge Q is fed at the inlet. The water depth in relation to a regular inlet perturbation 6 is represented by Eq. (18), with a period longer than the critical period c T ( Table 8 ). The water depth 7 related to an irregular perturbation is set as 8
is a function that generates random numbers between -1 to 1. Here Case 5 is 10 considered to investigate the statistical properties of natural roll waves. The effects of the inlet 11 perturbation characteristics are examined by computational tests as summarized in Table 9 . 12 13 Lamberti (2002), along with the measured data from Brock (1967) . Here h max , h min and T are 19 respectively the average maximum depth, minimum depth and wave period, and l is the distance 20 from the inlet along the channel. In calculating the average properties of natural roll waves, the 21 duration for averaging is set to be 100 s, which is long enough so that any longer duration does not 22 affect the results. The present computational tests show that an irregular perturbation at the inlet is conducive to the 8 formation of natural roll waves, as the distance from the inlet to the onset of detectable instabilities is 9 considerably shorter than its counterpart with a regular perturbation of the same amplitude. Also, the 10 larger the amplitude of the inlet perturbation, either regular or irregular, the shorter the distance 11 required for the onset of discernible instabilities, which qualitatively agrees with Brock's (1967) 12
observations. 13
Quantitatively, in the tests with regular inlet perturbations, the computed max h ʹ′ and T ʹ′ start to (Figs. 8-11 ) or natural roll waves 2 (Figs. 12-15 ), when its period is shorter or longer than a critical value inherent to a specified 3 normal flow. An irregular, random inlet perturbation favours the formation of natural roll waves 4 (Figs. 14 and 15) . 5 l A larger amplitude or shorter period of the inlet perturbation is conducive to the formation of 6 periodic permanent roll waves (Fig. 10 ), which concurs with Brock's (1967) observation. The 7 amplitude of periodic permanent roll waves is independent of the perturbation amplitude at the 8 inlet but increases with the increase of inlet perturbation period (Figs. 10 and 11) , while the 9 period is the same as that of the inlet perturbation (Fig. 9) . 10 l A larger amplitude of the inlet perturbation is conducive to the formation of natural roll waves 11 (Figs. 14 and 15) , which is consistent with Brock's (1967) observations. During the formation 12 process of natural roll waves, the average maximum depth and period increase whereas the 13 average minimum depth decreases (Figs. 14-16 ). Natural roll waves may feature stable average 14 maximum and minimum depths after advancing a sufficiently long distance (Figs. 14 and 15) . 
